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Abstract 



Using the theory of the symmetry groups for PDEs of order two ([7], 
[17], [20]), one finds the symmetry group G associated to Titeica surfaces 
PDE. One proves that Monge-Ampere- Titeica PDE which is invariant 
with respect to G", where G" is the maximal solvable subgroup of the 

,J^ ' symmetry group G, is just the PDE of TitjCica surfaces. One studies 

"jrt i the inverse problem and one shows that the Ti-^eica surfaces PDE is 

an Euler-Lagrange equation. One determines the variational symmetry 

group of the associated functional, and one obtains the conservation laws 

associated to the Titeica surfaces PDE. One finds some group-invariant 

, solutions of the Titeica surfaces PDE. All these results shows that Titeica 

J^ ' surfaces theory is strongly related to variational problems, and hence it 

^^ I is a subject of global differential geometry. 

Key-words: symmetry group of Titeica PDE, criterion of infinitesimal 
invariance, inverse problem for Titeica PDE, Titeica Lagrangian, conservation 
law. 
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1 Introduction 
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• 1-H , The symmetry group (or strong symmetry group [19]) associated to a PDE is a 

K> ' Lie group of local transformations which change the solutions of the equation 

C^ ■ into its solutions. The theory of symmetry groups has a big importance in 

Geometry Mechanics and Physics ([3]-[9], [11], [13], [14], [17]-[21], [25]). We 
apply this theory in the case of Titeica surfaces PDE in Geometry, determining 
the symmetry group, some group-invariant solutions, a Titeica Lagrangian, 
and conservation laws. 

The centroafRne invariant 

-§. 

where K is the Gauss curvature of a surface S and d is the distance from 
the origin to the tangent plane at an arbitrary point of S, was introduced by 



Ti^eica ([22]). A surface S for which the ratio -jr is constant, is called J'ifeica 
surface. 

For the aplication of the theory of symmetry groups ([17]- [20]), we shall 
consider the case in which S is a simple surface, being given by an explicit 
Cartesian equation 

E: u = f{x,y), 

where / G C'^{D) and D C R^ is a domain. In this case, the Gauss curvature 
of the surface S is 

2 
_ UxxUyy ~ Uxy 



^ 2 ' 
1 + U^ + vl 



and the distance from the origin to the tangent plane at an arbitrary point of 

S is 

\xux + yuy — u\ 



d 



l + ul + ul 



Given the nonzero function / (centroaffine invariant), the condition 

d* 
transcribes like a PDE 

(1) UxxUyy - uly = I{xux + yuy - u) . 
Moreover, the restrictions d, K ^ are equivalent to 

(2) xux + yUy - u y^ 0, UxxUyy - uly / 0. 

One proves that the symmetry group G of PDE (1), with / = constant, is 
the unimodular subgroup of the centroaffine group. 
PDE (1) is a Monge- Ampere equation 

(3) UxxUyy - uly = H{x,y,u,Ux,Uy). 
Therefore PDE (3) will be called Monge- Ampere -J'iieica equation. 

2 Symmetry group of a PDE of order two 

Let D be an open set in R^ and u G C'^{D). The function u^^) : D -^ U^"^^ = 
U xUiX U2, 

U [U,Ux,Uy,UxXlUxy,Uyy) 

is called the prolongation of order two of the function u. 



The total space D x U^'^' whose coordinates represent the independent 
variables, the dependent variable and the derivatives of dependent variable 
till the order two, is called jet space of order two of the base space D x U. 

We consider the PDE of order two 

(4) F{x,y,u^^y) = 0, 

where F : D x U^"^' ^ R is a differentiable function. 

Definition 1. PDE (4) is called of maximal rank if the associated Jacobi 
matrix 

J FyX-lll-lU ) = {-t'xi 't'y'i ru't 't'uxl -^Uy't 't'uxxT -^Uxyl -^Uyy) 

has rank 1 on the set described by the equation F{x,y,u^'^') = 0. 
In this case the set 

S = {{x,y,u^^'^) £Dx C/(2)|F(x,y,u(2)) = 0} 

is a hyper surf ace. 

Definition 2. The symmetry group of PDE (4) is a group of local trans- 
formations G acting on an open set M C D x U with the properties: 

(a) if n = f{x,y) is a solution of the equation and \i g ■ f has sense for 
g £ G, then v = g • f{x, y) is also a solution. 

(b) any solution of the equation can be obtained by a DE associated to 
PDE (hence any solution is G-invariant g ■ f = f, ^g G G). 

Definition 3. Let 

d d d 

X = C(x, y> ")^ + V{x, y,u)— + (t){x, y, u) — 

be a C°° vector field on an open set M C D x U. The prolongations of order 
one respectively two of the vector field X are the vector fields 

pr«X = X + $"^ + $J'^, 

OUx OUy 



(5) pr(2)x = pr«X + $^^-^+$^S'-^ + $2'2^ 



oUxT, oUxy yy 



where 



^"^ = (t)x + {(pu - Cx)ux - rjxUy - Cuul - r]uUxUy, 

^y = (f)y- CyUx + {(t)u - Vy)Uy - CuUxUy - r]uul 



and respectively 

^ 9^XX ~T~ y^YXU SXXjUx f]xxUy + \(PuU ^^XuJ^x 

^IJxuUxUy ^uuU^ IJuuU^Uy + {(pu '^SxjUxx -^llxUxy 
'J^u'UxUxx flnUyUxx ^VuUxUxy^ 

^ — y^xy ~T~ yPuy Sxyl^x + \SPux VxyJUy (,uyUx + \(puu ^ux 

Vuy jUxUy f]ux'Uy ^yUxx + \H^u ^x Vy J^xy "Hx^yy 
Su^y^xx ^Vu^y'^xy ^^u^x^xy Vu^x^yy wau^x^y Vuu'^x'^y} 
— ^yy ~r y^H^uy Vyyl^y Syy^x ~t~ yPuu ^VtiyjUy Zi^uyllxUy 
fluuUy suu^xUy + ypu '^Vyl^yy '^sy^xy •^Vu^yUyy 

SU^xUyy Zi^uUyllxy 

For the determination of the symmetry group of PDE (4) is used the 
fohowing criterion of infinitesimal invariance [17]. 
Theorem 1. Let 

be a PDE of maximal rank defined on an open set M C D xU. If G is a local 
group of transformations on M and 

(6) pr 'X[F{x,y,u^ ')] = whenever F[x,y,u^ ') = 0, 

for every infinitesimal generator X of G, then G is a symmetry group of the 
considered equation. 

Proposition 1. // PDE (4) defined on M C D x U is of maximal rank, 
then the set of infinitesimal symmetries of the equation forms a Lie algebra on 
M . Moreover, if this algebra is finite- dimensional, then the symmetry group 
of PDE is a Lie group of local transformations on M . 

Algorithm for determination of the symmetry group G of PDE 
(4): 

-one considers the field X on M and its prolongations of the first and 
second order, and one writes the infinitesimal invariance condition (6); 

-one eliminates any dependence between partial derivatives of the function 
u using the given PDE; 

-one writes the condition (6) like a polynomial in the partial derivatives of 
ti, and we identify this polynomial with zero; 

-it follows a PDEs system in the unknown functions C,^ rj, (p, and the 
solution of this system defines the symmetry group of PDE (4). 



3 Symmetry group of Ti^eica surfaces PDE 

We consider the Ti^eica surfaces PDE, 

(1') UxxUyy - uly = a{xux + yuy - u) , a G R* 

with the conditions (2), which assure the maximal rank. 

Let 

d d d 

X = C(x, y,u)— + r]{x, y,u)— + (/)(x, y, u) — 

be a C°° vector field on the open set M C D x U. In the case of PDE (!'), 
the condition (6) becomes 

—4,aC,Ux{xux + yuy — u) — 4ariUy{xux + yuy — u) + Aacp^xux + yuy — u) — 

-Aax^''{xux + yuy - uf - Aay^y{xux + yuy - u)^ + ^""""uyy- 

-2^''yuxy + <^yyuxx = 0. 

Replacing the functions $^, $2/^ ^^^^ $^y^ ^yy given by the relations (5) 
and eliminating any dependence between partial derivatives of the function u 
(determined by the PDE (!'))) we obtain 

'^'^xxYyy ~r '^x'^xxXp^H^yy ~r ^syy) ~^ ^y^xxyy^yy ^^*Puy ~r ^'^VyyJ 

XU^UxxSyy ~r '^xUyUxx\Usuy V^yy ~r ^-^Yuy •^Vyy}' 

-\-UyUxx\'^yVuy "^Yuu UVyy ~r ^"^Vtiy) XU^UyUxxSuy\ 

+UxUyUxxiuCuu - yCuy + X(j)uu - 2xr]uy) + U^yUxx{y4>uu - ^yijuy + UTjuu)- 

XU^UyUxxsuu UxUylixxy^^uu ~r y^uu) yUyUxx'Huu ~t~ ^'UUxyfPxyi 

-\-ZUxUxy{U(Puy ^Yxy Ui^xy ) ~r ^UyUxyyUYux yYxy UTjxy) 

J^U^Uxy\X(puy Xi^xy i Ui^uy ) + ZUx'UyUxyy-KPuu XCpux y^'uy \ ysxy "^suxi 

yXTjxy UTJuy) ^Uyllxyyyfpux yVxy i Urjy^x) i ^XU^UxyC,uy ~t~ ^U^UyUxyyyCiuyi 

iXC^ux U(,uu + XTjuy X<puu) \ ^UxUyUxy{y(,ux + y^uy + XTjux UTjuu y(Puu)i 

~r ZyUyUxyTjux I ZXIi^UyllxyCiUU ~T~ ^U^UyUxy\yC,uu i XTjim)-\- 

"T 'iyUxUyUxylJuU UUyy(PxX + UxUyyi^XCpxX ^U(PxU + U(,xx)~T~ 

~rUyUyy\X(pxX \ UTjxx ) + U^Uyy\J^X(PxU UCpuU Xi^xX \ ^U(^xu)~T~ 

~rUxUyUyy[^Zy(Pxu y^XX XTjxX ~r ZUf]xu) yUyUyyTjxX'T' 

-\-'U^UyyyX(PuU ^XC^xU ~T~ ^C^UU ) ~T~ U^UyllyyijJCpuU ^y^XU '^XTjxu'T' 



~T~UTIiiu) ^y^xUyUyyTjxu XU^Uyyi^uU U^UyUyyijji^uU ~T~ ^VuU ) 

-yululuyyr]uu - 2n^j^(2(/> - 2x0^ - 2y(/)y - u{(pu - Cx - Vy))+ 

+Uxuly{4C - AyQy - 2xCx + 2xr]y + Ixcpu - '^uC.u) + '^UyulyC^V - '^xrj^- 

-yiVy -Cx- <Pu) - 2ur]u) + 2uxxUyy{24) - 2x(px - 2y4>y - n(0„ - (x - Vy))- 

-2uxUxxUyy{2C, - 2yCy + x((/>„ - (x + riy) - 2uCu)- 

-2uyUxxUyy{2i] - 2xr]x + y{4>u + Cx - Vy) - 2^i??«) = 0. 

Looking at this condition as a polynomial in the partial derivatives of the 
function n, and identifying with the polynom zero, we obtain the PDEs system 

Sxy ^ U, (^yy = U, (^uu ^ U, (^uy ^ U, 

Tjxx ^ U, ^yy ^ 'J) f]uu ^ U, Tjux ^ U, 

(t>xx = 0, (t)xy = 0, (t)yy = 0, (t)uy = 0, 

^Vuy^ H^ux — Vxy^ Vuy — ^ux: ^^'xu — Sxxt 



■'uu 



2(j) - 2x0^ - 2y4)y - u{4>u - Cx- riy) = 0, 

2C - 2yCj/ - x{Cx -Vy- 4>u) - 2uCu = 0, 

2r] - 2xr]x + y{4>u + Cx - Vy) - 2n??„ = 0, 

whose solution defines the symmetry group of the equation (1'). The general 
solution of this PDEs system is 

C(x, y, u) = Cix + Csy + C^u, 

(7) { r]{x,y,u) = C^x + C2y + Cqu, 
p{x, y, u) = Crx + Cgy - (Ci + C2)u, 

where Ci, ..., Cg GR, and consequently the infinitesimal generator of the sym- 
metry group G is 

/ d d\ f d d\ d d 

X = Ci[ X— - u— + C2 h/TT - ^TT + ^^vir + <^4U7r + 
V ox ouj V Oy ou/ OX ox 

d d d d 

+C5X-- + CfiU—- + C^x—- + Csy^-. 
oy Oy ou ou 

Theorem 2. The Lie algebra g of the symmetry group G associated to 
J'ifeica surfaces PDE is generated by the vector fields 

/ \ ^r ^ d ^^ d d ^^ d ^^ d 

(8) Xi = x- n--, X2 = yT, u--, A3 = y--, X4 = u^- 

ox ou oy ou ox ox 

X^ = x—-, Xq = u-—, Xt = x-—, A8 = y^-, 
oy oy ou ou 



and G is the unimodular subgroup of centroaffine group. 

The constants of the structure of the Lie algebra of the group G are finding 
from the table 



[■:•] 


Xi 


X2 


X3 


X4 


X5 


Xe 


X7 


Xg 


Xl 








-X3 


-2X4 


X5 


-Xe 


2X7 


Xg 


X2 








X3 


-X4 


-X5 


-2X6 


X7 


2X8 


X-i 


X-i 


-X3 








X2-X1 


-X4 


Xg 





Xa 


2X4 


X4 








X6 





-Xi 


-X3 


X5 


-X5 


X5 


X1-X2 


-Xe 











X7 


Xe 


Xs 


2X6 


X4 











-Xs 


-X2 


Xr 


-2X7 


-X7 


-Xg 


Xi 





X5 








Xs 


-Xg 


-2X8 





X3 


-X7 


X2 









Now we shall study the converse of the Theorem 2: given the Lie group G 
of transformations, determine the most general Monge-Ampere-Ti^eica PDE 
which admits G like group of symmetries. This implies the using of a maximal 
chain of Lie subalgebras of the algebra g of the group G, in the case in which 
g is solvable. 

Since the Lie algebra g of the symmetry group G is not solvable, one 
considers the maximal solvable Lie subalgebra g', described by the vector 
fields Xi,X2,X3,X7. Denote G' C G the corresponding subgroup. 

Theorem 3. The PDE of type Monge-Ampere-'J'ifeica of maximal rank, 
which admits G' like group of symmetry, is a PDE of type J'ifeica. 

Proof. We consider the maximal chain of Lie subalgebras of the Lie alge- 
bra g', 

(9) {Xs} C {Xs,Xs} C {X3,X7} C {X,,Xs,X7} C {Xi,X2,Xs,X7}. 

We impose the condition that PDE (3) to be invariant with respect to every 
of these subalgebras, denoting 

^ — UxxUyy Uj,y 11 [X, y, U, Ux, Uy). 

1) We start with {Xg}: Xs = y-§^ and pr^^^X^ = y^ + ^^. 
The condition (6) implies pr^'^' Xs{F) = 0. It follows 



-f* — UxxUyy 



uly - Hi{x,y,Ux,yuy -u). 



2) If we use {X3, Xg}: X3 = y^ and 

pr^^^Xs = y- Ux-^— 

ox ou. 



d 



y 



du 



2u. 



d 



■xy 



xy 



du 



yy 



then we obtain 

F = UxxUyy - uly - H2{y, u, Ux,xux + yuy - u). 

3) For {^3, XjY Xj = xl and pr^^)Xj = xf + gf^ , 
we find 

F = UxxUyy - uly - H^{y, xux + yuy - u). 



4) For {Xi,X3,Xr}: Xi = x^ - u^. with 



"xy 
' dx du 



(2)v d d d ^ Q ^ n ^ ^ 

pi" -^1 ^ X— U— Z,Ux~^ ^V~K 'JUxx'^ ^Uxy~z Uyy— , 

OX OU OUx OUy OUxX <JUxy ^^^yy 

we get 

F = UxxUyy " uly " (xUx + yUy - u)'^H4^{y). 

5) Finally, {X^^X^^X^^Xj}: X^ = y^ - n|^ and 



(o\,^ d d d d d d d 

pr"- 'X2 = y-z u- Ux-^ 2uy- Uxx^ ^Uxyiz ^"^yy-^ > 

ay OU OUx oUy oUxx ouxy ^"^yy 

imply 

F = UxxUyy — u^y — a{xux + yuy — u) , a G R, 

and consequently the Monge- Ampere- Ti^eica PDE is reduced to Ti^eica PDE 

UxxUyy - uly = a{xux + yuy - n)"', a G R. 
If a 7^ 0, then the condition of maximal rank is satisfied. 

4 Inverse problem associated to a PDE 

The simple form of the inverse problem in the calculus of variations is to 
determine if an operator with partial derivatives is identically to an Euler- 
Langrange operator with partial derivatives ([1], [2], [12], [17], [20]). We quote 
Theorem 4. Let T be the operator associated to PDE (4). T is identi- 
cally to an Euler- Lagrange operator if and only if the integrability Helmholtz 
conditions 



du^ - ^x [^ Qu^^ ) ^ ^yy 2 du^y ) 
are satisfied, where 



^ ' '^ &IL = F) (l dT \ . J-) I dT 

du„ X \2 du^,,i I y 



/I 1 X ^x — Q^ + Ux Q^ + Uxx Qu^ + Uxy Q^^ , 

^ ^ n — A _|_ 7, A _|_ ,, -d_ I _d_ 



In this case, there exists a Lagrangian L such that the Euler-Lagrange 
PDE E{L){u) = is equivalent to the PDE associated to the operator T, in 
the sense that every solution of the equation T(u) = is a solution of the 
Euler-Lagrange equation E{L){u) = and conversely. 

For the associated Lagrangian of order two 

L/ — L/[X,y,U, Uxf Uy, Uxxi Uxy: "^yy ) : 

the Euler-Lagrange operator of order two is 



(12) 



EiDiu) = '^-Dx(^)-dJ^) + 



D^^ {^]+Dx 



^^ \ du 



dL 



^y \dUxy 



+ D. 



dL 



yy V du 



Definition 4. An operator T is equivalent to an Euler-Lagrange operator 
E(L), if there exists a nonzero function / = f{x, y, u, Ux,Uy) such that f -T = 
E{L). The function / is called variational integrant factor. 

5 Lagrangians associated to Ti^eica surfaces PDE 

We consider the PDE of type Ti^eica (!') under conditions (2). The operator 

T{u) = UxxUyy — Uxy — a{xux + yuy — u) , a G R*, 

which defines the equation (1'), is not identically to an Euler-Lagrange oper- 
ator, since the integrability conditions (10) are not satisfied. 

Theorem 5. The operator T is equivalent to an Euler-Lagrange operator. 

Proof. Suppose there exists a variational integrant factor, 

/ = f{x,y,u,Ux,Uy), 

such that f -T = E{L). In this case, the integrability conditions (10), for f -T, 
become 



df 



-\- u. 



df 



df 



+ U, 



df 



+ 



yy \dx ^ "-^duj "'^y \dy ^ "-ydu^ 
+"^ (^^^ + y^y ~ '")^ + 4"^/ (^^^ + y^y ~ ^)^ 

Uxx ysy -I- u-yduj "a;j/ ^Qx ^ "'^ du ) ^ 

+"^ (^'"■^ + y^y ~ ^)'' + 4"^/ (^"a; + yuy - uf 



0. 



Equating to zero the coefficients of partial derivatives of second order of 
the function u, we obtain the following PDEs system 



df , ,, df 



df 



+ n 



df 



'Uy "•" "-y^ 



{xux + yuy - u)^ + Axf 
{xu.j; + yuy-u)§^ + Ayf 



The solution of this system is 



f{x,y,U,U:,,Uy 



C 






0. 

-, CgR*. 



^ {xux + yuy - ti)4 '' 
Hence, PDE of Titeica surfaces, written in the initial form 



K 



a, 



is an Euler-Lagrange equation. 

Theorem 6. A Lagrangian of order two associated to J'ifeica surfaces 
PDE is 



(13) 



, (2)s ■"■(%« UxxUyy) 

L(x, y,u^ >) = ^ — - au. 

[xux + yUy - up 



Proof. Using formula (12), after tedious computations it follows 



EiL){u) 



UxxUyy U^y 



a. 



{xux + yuy - u)* 
6 Variational symmetry group. Conservation laws 

We will make a short presentation of the variational symmetry group ([17], 
[20] ) for the functionals of the form 



^[u] = L{x,y,u^ ')dxdy, 

J JDn 



'Do 

where Dq is a domain in R^. 

Let D C Dq be a subdomain, U an open set in R and M C D xU an open 
set. Let u £ C'^{D), u = f{x,y) such that 

Tu = {{x,y,f{x,ymx,y) G D} C M. 



10 



Definition 5. A local group G of transformations on M is called varia- 
tional symmetry group for the functional 

(14) C[u]= f f L{x,yM^^)dxdy, 

J J Do 

if for Qe G G_, ge{x,y,u) = {x,y,u), the function u = f{x,y) = {g • f){x,y) is 
defined on D C Dq and 

D J Jd 

The infinitesimal criterion for the variational problem is given by 
Theorem 7. A connected group G of transformations acting on M C 

Dq X U is a group of variational symmetries for the functional (14) if and 

only if 

(15) pA'^'^X{L) + L Div^ = 0, 
fory{x,y,u^'^') G M*-^-* C D x U^'^' and for any infinitesimal generator 

d d d 

X = C(x, y> ")^ + 'n{x, y,u)— + (/)(x, y, u) — 

of G, where ^ = (C, f]) and Div^ = D^C + DyTj. 

Theorem 8. If G is a variational symmetry group of the functional (14), 
then G is a symmetry group of Euler- Lagrange equation E{L){u) = 0. 

The converse of Theorem 8 is generally false. 

Definition 6. Let PDE (4) and let P = {P^,P^) with Div P = D^P^ + 
DyP^, the total divergence. The consequence Div P = of PDE (4) is called 
conservation law. The function P^ is called flow and P^ is called conserved 
density associated to the conservation law. 

By the preceding Definition, there exists a function Q such that 

(16) Div P = Q-F. 

The relation (16) is called the characteristic form of the conservation law, 
and Q is called the characteristic of the conservation law. 
Definition 7. Let 

d d d 

X = C{x, y,u)— + r]{x, y,u)— + cl){x, y, u) — 

be a vector field on M. The vector field 

d 
Xq = Q — , Q = (l)-Cux-r]Uy, 

11 



is called vector field of evolution associated to X, and Q is called the charac- 
teristic associated to X. 

Theorem 9 (Noether Theorem). Let G he a local Lie group of trans- 
formations, which is a symmetry group of the variational problem (I4) and 

let 

d d d 

X = C{x, y,u)-^ + r]{x, y,u)— + (/)(x, y, u) — 

the infinitesimal generator of G. The characteristic Q of the field X is also a 
characteristic of the conservation law for the associated Euler- Lagrange equa- 
tion E{L){u) = 0. 

There follows the existence of P = (P^, P^), such that 

Div P = Q- E{L) = 

to be a conservation law (in the caracteristic form) for the Euler-Lagrange 
equation E(L) = 0. 

One proves ([17], 356) that for the Lagrangian L = L{x,y,u^'^') we have 

(17) P = -{A + L0 = -{A^ + LC,A^ + L7]) = {P\P^), A={A\A^), 
where 

(18) A' = Q- ^(") (L) + D^(^Q- E("") (L)) + ^Dy (q ■ E^'^y^ (L)) , 

A^ = Q- E^y\L) + ]-D^ (q ■ E^^y\L)) + Dy (q ■ E^yy\L) 



2 



and 



(19) e"HL) = ^-2dJ^)-dJ^ 



dux "^ V duxx J ^ \ du. 



■xy 



E^'\^ = ^-dJ^]-2dJ''' 



OUy \ uUxx / \ ^'^xy 



Ei--)(L) = 4^, E(-y\L) = 4^, E^yy\L) ^^ 



^^xx ^^xy yy 



are Euler operators of superior order. 

7 Group of variational symmetries of the functional 
attached to Ti^eica PDE. Conservation laws 



We consider the functional 

12 



where D is a domain in R^, u G C'^{D) and the condition (2) is satisfied for 
any (x,y) G D. 

Theorem 10. The Lie algebra of the variational symmetry group of the 
functional (20) is described by the vector fields 

/ N ,^ 9 d ^^ d d 

21 Yi = x—-u—, Y2 = y—-u—, 

ox ou ay ou 

d d 

y^ = y^, Ya = X—. 

ox oy 

Proof. According Theorem 8, the vector fields which determine the Lie al- 
gebra of the variational symmetry group are founded between the vector fields 
of the Lie algebra of the symmetry group of the associated Euler-Lagrange 
equation. The condition (15) must be verified only for the vector fields in the 
Lie algebra (8) of the symmetry group of PDE (l'). One considers 

8 

X = 2_^ CiXi, 

i=l 

where Cj G R and Xi are the infinitesimal generators of the symmetry group 
G associated to Ti^eica surfaces PDE. One determines the real constants Cj 
such that the relation (15) is satisfied. Using the relation (5), the second 
prolongation of the vector field 

O O O 

X = (Cix+C3y+C^u) —++{C5x+C2y+C(iu) — + {C7X+C8y-iCi+C2))g^, 
is given by the functions 

$^ = Cy - (2Ci + C2)Ua; - C^Uy - C^ul - C^U^Uy, 

^y = Cs- C^u^ - (Ci + 2C2)uy - C^u^Uy - CquI, 
$^^ = -(3Ci + C2)u^x - '^C^u.xy - SC^u^Uxx - CeUyU^x - 2CQUxUxy, 

^xy ^ -C^Uxx - 2(Ci + C2)Uxy - C^Uyy - dUyUxx " 2CQUyUxy- 

Z,Lj/^UxUxy ^QUxUyy, 

^yy ^ _^Q^ _^ 3C2)Uyy - 2CzUxy - SC^UyUyy - C^UxUyy " 2C ^UyUxy ■ 

Substituting L and X with ^ = iCix + C^y + C^u, C^x + C2y + Cgu), and 
Div^ = Ci + C2 + C4UX + C^Uy in the relation (15), after computation, it 
follows 

Cjx + Csy + CiUUx + C%uuy = 0, 
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and thus C4 = Cg = C7 = Cg = 0. It results that the infinitesimal generator 
of the variational symmetry group for the functional (20) is 

X = CiXi + C2X2 + C3X3 + C5X5. 

Denote Yi = Xi, Y2 = X2, Ys = X3 and Y^ = X5. 
Proposition 2. For the vector field 

ax 
t/ie /?ow and respectively the conserved density of the conservation law are 

(22) P^ = -ayu + ■ — ui^xyiyuy - u) - yu^Uyy), 

[xu^ + yuy -u)'^ 



P = --, \ ui'^XxiyUy -U) - yUxUxy). 

(xu^ + yUy -up 
Proof. The caracteristic associated to the vector field —Y3 is 

Q = yuy. 

Replacing in the relations (18), we obtain 

^1 ^ Uyjuly - U^xUyy) U^y{uU^ - yUy) yulUyy 



{xux + yuy - u)'^ {xux + yuy - n)" {xu^ + yuy - uY 



A^ = 73-^ — ^-;^^ zT^iuxxiyuy -u) - yUxU^y). 



{xux + yuy - uY 

Introducing ^ = (— y,0) in the relations (17) it follows that the functions 
P^,P^ have the form (22). 

Analogously one determines the conservation laws corresponding to the 
characteristics of the vector fields (21). 

8 Strong/weak symmetry group 

The symmetry group introduced in the Definition 2 is called strong symmetry 
group. 

Definition 8. The weak symmetry group of PDE (4) is a group of trans- 
formations acting on M d D X U and which satisfies only the condition (b) 
in the Definition 2 of the strong symmetry group. 

Consequently a weak symmetry group did not transforms solutions of PDE 
into its solutions. 

Proposition 3. Let G he a connected Lie group of transformations on M, 
with infinitesimal generators Xi, ...,Xs- Let Q^,...,Q^ be the characteristics 
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associated to these vector fields. Then any G -invariant function u = f{x,y) 
must satisfy the system of equations 

(23) Q^(x,y,n«) = 0, k = l,...,s. 

Any G-invariant solution u = f{x,y) of PDE (4) is also a solution of the 
system (23) , and hence of the system 

.24A / ^(^,y>^^'^) = 

^ ^ \ QHx,y,u('')) = 0, k = l,...,s. 

The converse is true only for the case in which G is a strong symmetry group. 

One proves ([19]) 

Theorem 11. Let G be a group of transformations acting on M C D xU 
and (4) a PDE of order two defined on D. Then G is always a symmetry 
group of the system (24) and hence always a weak symmetry group. 

Every s-parameter subgroup H of the strong symmetry group G (8) de- 
termines a family of group- invariant solutions. The problem of classification 
of the group-invariant solutions is reduced to the problem of classification of 
Lie subalgebras of the Lie algebra g of the group G ([14], 186). For the 1- 
dimensional subalgebras one considers a general element X and this can be 
simplified as much as possible, using the adjoint transformations. 

We shall determine some solutions of PDE (1') which are invariant with 
respect to the strong symmetry group G. 

Remarks. 

1) The finding of the adjoint representation Ad G of the Lie group G, can 
be realised using the Lie series 

OD n 2 

(25) AdiexpieX)Y) = ^ i^(adX)-(y) = Y- e[X,Y] + Ux, [X,Y]] - ... 

n=U 

2) If n = f{x,y) is a solution of PDE (1'), then the following functions 

^(1) ^ e-'f{xe-',y), u^^) = e'^ f{x,ye-'), u'-^^ = f{x - ey,y), 

u = fix — £u^'^' ,y), u^^' = f{x,y — ex), u^^' = f{x,y — eu^^'), 

uC^) = /(x,y) + ex, 4^'' = f{x,y)+ey, e G R, 

are also solutions of the equation since every 1-parameter subgroup Gi gener- 
ated by Xj, i = 1, ..., 8, is a symmetry group. 

3) The adjoint representation Ad G of the Lie group G which invariates 
the Ti^eica equation, is determined using the Lie series (25). This way we 
obtain 
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Ad 


Xi 


X2 


^3 


Xi 


Xi 


Xi 


X2 


e^X-i 


e^^Xi 


X2 


Xi 


X2 


e-^Xs 


6^X4 


X3 


Xi-eX3 


X2+eXi 


X3 


Xi 


X4 


Xi-2eX4 


X2-eXi 


X-i 


Xi 


Xs 


X-t+eXs 


X2-1eXf, 


Xz-e(Xx-X2)~e'^Xr, 


Xi+eXa 


Xe 


Xi-eXe 


X2-2eX(, 


Xz-eXi 


Xi 


X7 


Xi+2eX7 


X2+eX7 


X3+eXs 


Xi-eXi-e'^Xr 


Xs 


Xi+eX» 


X2+2eX8 


X3 


Xi~eXz 



Ad 


X5 


X,, 


X7 


Xs 


Xi 


e-^Xs 


e^Xe 


e-2-XT 


e-=Xs 


X2 


e-'Xs 


e^-Xs 


6-^X7 


e-2-X8 


Xz 


X5-e(Xi-X2)-e2X3 


X6+SX4 


X7-eX3 


Xg 


Xi 


Xs-eXe 


Xfi 


X7+eXi-£2x4 


Xg+eX3 


X5 


X5 


Xfi 


X7 


Xg-£X7 


Xe> 


Xs 


Xe 


X7+eX5 


Xg+eXa-e^Xe 


X7 


X-, 


Xe-eXs 


X7 


Xg 


Xs 


X^+sXj 


Xe-eXa-e^Xg 


X7 


Xg 



Finally, we determine some group- invariant solutions of the equation (1'), 
corresponding to 1-dimensional subalgebras generated by Xi — X2, X^ — X^. 
a) For the vector field 

Xi -X2 = x- y—, 

ox ay 

one looks for solutions of the form u = ip{xy). In this case the PDE (!') 
becomes 

2tip'^" + if'"^ + a{2tip' - if)^ = 0, 

where t = xy. This DE admits particular solutions of the form (/){t) = t^, with 
the condition imposed in (2). For p = — 1 and a = 27) we obtain 



u{x,y) 



1 

xy 



as a solution of PDE (!'). According to the preceding remark 2, it follows that 

1 



u{x,y) = hex, u{x,y) = ^ey, u{x,y) = - 

xy xy [x - eiy)y 

are also solutions. 



+e2X, e, ei,e2 G R-, 
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Other particular solution of the preceding DE is (p{t) = \/l + at, for a^ + 
4a=0. For a < 0, it follows the solution 



u{x,y) = \/l + axy, a G R*, 
of PDE (l'). According to remark 2, the functions 



u{x, y) = \/l + axy + ex, u{x,y) = ^l + a{x - eiy)y + e2X, e,ei,e2GR-, 

are also solutions of PDE (!'). 
b) For the vector field 

OX oy 



one looks for solutions of the form u = (p{r), where r = a/x^ + y^. Replacing 
in the PDE (!') we obtain the DE 

—if'ip" = a{rip' — if) . 
r 

This DE admits particular solutions of the form (f){r) = r^. For p = —2 and 
a = — ^, it follows 

u{x,y) 



x^ + y"^ 



as solution of PDE (!'). According to remark 2, the functions 
x^ + r {x- eiyf + y2 



u{x,y) = ^2 I 2 +^^' u{x,y) = - ^2- — 7; + ^2X, e,ei,e2eR, 



are also solutions of PDE (!'). The DE admits also a particular solution of 
the form (^(r) = VT+or^, a G R* for a = a^ . If q > 0, then it follows the 
implicit solution 

u^ + a{x^ +y'^) = 1, u> 0, 

of PDE (1'), and according to remark 2, the equations 

u'^ + a{{x - eyf + y'^) = 1, u>0, 

{u — ex) + a(x^ + y^) = 1, u — ex > ^, e G R, 

define also solutions of PDE (!'). 

Now we refer to weak symmetry groups and the corresponding solutions 
of PDE (!'). 

a) Let 

2 d d 
X = -x^yjr- + T^. 
ox Ou 
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We obtain Ci = u — ^. C2 = V- Hence 

xy 

u{x,y) = h/i(y). 

xy 

Replacing in the PDE (1'), it follows the DE 

3 2/i" / 3 ^, \4 

H — :r- = a[ \-yn - n ] . 



^,4^4 ^3y y j.y 



As h = h{y), by identification we deduce h" = 0, yh' — h = 0, a = ^, hence 
h{y) = Cy, C G R. Consequently 



u{x,y) = hCy, C G R 

xy 



is a solution of PDE (1') 
b) Let 



ox ou 



Since Ci = " , C2 = y, it follows 



«(3;,2/) = \l^ + xh{y), 



for u > 0. 

Replacing in PDE (1') we obtain h{y) = Cy, C gR*. The corresponding 
solution of PDE (!') is 

u{x,y) = y/l + Cxy, u>0, C G R*, l + Cxy>0. 
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